Progress over the past decade is surveyed concerning explicit existence and construction theorems on irreducible, primitive and normal polynomials.
Introduction
Let F q be the finite field of order q, a power of its (prime) characteristic p. Its extension of degree n, F q n , is generated algebraically over F q by a root of a (monic) irreducible polynomial f (x) ∈ F q [x] of degree n, i.e., F q n = F q ( ). The set of roots of f then comprises the conjugates , q , . . . , q n−1 of .
Often it is helpful if is a generator of the cyclic multiplicative group F * q n (of order q n − 1), in which case is called a primitive element of F q n . The conjugates of a primitive element of F q n form the roots of a (monic irreducible) primitive polynomial f (x) ∈ F q [x] of degree n.
Alternatively, an element that generates F q n additively could be sought. Though the additive structure of F q n is apparently more complicated, viewed as an FG-module (G being the Galois group of F q n over F q ), F q n is cyclic too. The classical expression of this fact-the normal basis theorem-is that there exists an element whose conjugates E-mail address: sdc@maths.gla.ac.uk. form a basis of F q n over F q . The irreducible polynomial f (x) ∈ F q [x] of degree n whose roots constitute such a basis is called a normal basis. Then f is referred to as a normal polynomial over F q and any of its roots is called a normal element. (To avoid overworking the adjective "normal" some items in the literature have used the term free in this context.) Now, because of the subtleties of the FG-module structure, it is neither automatic that a normal basis of F q n over F q is a normal basis over an intermediate field F q d (where d|n) nor vice versa.
A normal basis of F q n over F q that is a normal basis over every intermediate field is called a complete normal basis. That a complete normal basis exists for every extension F q n /F q is a consequence of (more general) modern work, e.g., by Blessenohl and Johnsen (1986ff) (see [37] ). There is still less connection between the multiplicative and additive structures of F q n : a primitive polynomial f (x) ∈ F q [x] of degree n need not be normal, nor a primitive polynomial normal. Nevertheless, for every extension F q n /F q , by a 1987 theorem of Lenstra and Schoof [61] , there exists a polynomial f (x) ∈ F q [x] of degree n which is both primitive and normal.
The purpose of this article is to survey results on generator polynomials and associated elements that have been published during the first decade (1995) (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) of Finite Fields and Their Applications. Naturally, a number of these have appeared in the journal itself but that was not a criterion for inclusion. The emphasis is on explicit and effective existence and construction results. Algorithmic and complexity issues, including irreducibility tests and factorisation methods do not feature. No attempt is made to provide comprehensive coverage. For the latter function, the reader might consult [75] for items up to 1999 and recent issues of review journals for subsequent ones.
Distribution of irreducible polynomials
Let n 1 be a given integer. Write the typical monic polynomial f (x) ∈ F q [x] of degree n as f (x) = x n + a 1 x n−1 · · · + a k x n−k + · · · + a n . (2.1) Refer to {a 1 , . . . , a k } as the first k coefficients of f and {a n , . . . , a n−m+1 } as the last m coefficients of f. Allow k = 0 or m = 0 if the appropriate set of coefficients is empty. Let M(x) ∈ F q [x] be a given monic polynomial of degree m < n and R(x) ∈ F q [x] be a polynomial (not necessarily monic) relatively prime to R. (It is enough to suppose deg R < deg M.) Suppose that k is a positive integer with k + m < n. For a given (ordered) k-tuple of elements a k in F q , define (n, a k , M, R) to be the number of monic irreducible polynomials f (x) ∈ F q [x] of degree n whose first k coefficients are the members of a k and such that, as a congruence in
For example, when M(x) = x m and R(0) = 0, this prescribes the last m coefficients of f, in addition to the first k coefficients.
To show that (n, a k , M, R) is positive is a finite field analogue of the numbertheoretical problem of whether there exists a prime in a given arithmetical progression (with co-prime modulus and residue). In this spirit, the question (with q = p and k = 0) was studied by Artin in 1924 [1] and developed (in the general case) by Hayes in 1965 [49] . In particular, Hayes demonstrated that, under the stated conditions,
for some fixed < 1, where is the polynomial Euler function. Moving away from the situation in classical number theory (where explicit results are rare), Rhin [72] was able to give explicit effective upper and lower bounds for (n, a k , M, R) via explicit (proven) forms of the Riemann hypothesis for L-functions of function fields over finite fields. In the past decade these have been strengthened by Hsu [51] and Car [3] . In making the estimates explicit, Hsu draws directly on Hayes' theory of equivalences. (Rhin's dissertation is listed in the bibliography of [51] but not referred to in the text and we suppose Hsu's work was accomplished largely independently.) Car draws on all the previous references and brings the approach into the mainstream of arithmetical theory of function fields, including L-functions and associated product expansions, identities and character sums. We cite one of several results proved, namely [ 
We focus on the lower bound (2. See [35] for a further survey of results on the distribution of irreducible polynomials with a view to practical implementation.
Beyond existence results, there have been articles containing exact evaluations of the number of irreducible polynomials with up to three coefficients specified. Previous results of Carlitz [5] and Kuz'min [56, 57] for the number with the first and last or the first two coefficients specified had used relatively advanced results. More recently, Cattell et al. [6] have used elementary but detailed combinatorial arguments to give expressions for the number of irreducible polynomials of degree n over GF(2) with the first two coefficients specified (as 0 or 1). Similarly, Yucas and Mullen [78] express the number with the first three coefficients prescribed. As well as dependence on the particular prescribed sequence (such as (0, 1, 1) or (1, 1, 0)) these depend on the value of n (mod 12). Further results for the latter problem have been obtained by Fitzgerald and Yucas [34] , using a method based on the theory of quadratic forms. Over a general finite field F q , Yucas [77] has derived elementarily Carlitz' formulae for the number of irreducible polynomials with prescribed first or last coefficient. (See also [24, Lemma 2] .) Naturally, if the existence of an irreducible polynomial of degree n over F q with its first k and last m coefficients prescribed is established (for example, through an application of Corollary 2.2 or Corollary 2.3), then this implies the existence of an irreducible polynomial with any specific one of these coefficients fixed as (say) a ∈ F q . As we have seen, this is known to be true unconditionally on the size of q only if k + m n 3 . In particular, these results are silent about the existence of an irreducible polynomial with prescribed mth coefficient when n is even and m = n 2 and, in any case, q has to be sufficiently large when m is close to n 2 . Relevant here is the following conjecture of Hansen and Mullen [48] . To attack Conjecture 2.4, Wan [76] considers, for any a ∈ F q , the weighted sum
Here H m is the set of all primary polynomials of degree m in F q [x] , where a primary polynomial g is a power of a monic irreducible polynomial (say, P), in which case the (von Mangoldt) function (g) = deg P . The existence of an irreducible polynomial of degree n whose coefficient of x m is specified as a is established if w a (m, n) is positive. By expressing w a (n, m) as a product of two character sums, Wan obtains the following estimate.
Theorem 2.5. Suppose 1 m < n and a ∈ F q is non-zero. Then To deal with the case in which the prescribed coefficient a is zero, Wan use an alternative strategy wherein the sought irreducible polynomial f has constant term 1 (in addition to being monic). By considering the reciprocal polynomial x n f ( 
Then the Hansen-Mullen irreducibility conjecture holds for this value of n.
Wan easily deduced from Corollary 2.6, that the Hansen-Mullen irreducibility conjecture holds if either q > 19 or n 36 and observed that (from his argument) the number of exceptions is smaller than might be suggested by these bounds. This was confirmed by Ham and Mullen [43] , who performed the necessary computer verification of existence in the remaining cases.
Theorem 2.7. The Hansen-Mullen irreducibility conjecture is true.
See Section 4 for an alternative approach to the Hansen-Mullen irreducibility conjecture.
Iterated construction of irreducible polynomials
This concerns explicit constructions (essentially by composition) of an infinite sequence of irreducible polynomials of increasing degree. In some cases, these are in fact a sequence of completely normal polynomials over the base field F q , where the meaning of completely normal occurs in Section 1.
To begin with suppose q is odd. Given a monic polynomial
(self-reciprocal) polynomial of degree 2n. Cohen [14] gave the following iterative construction of a sequence of irreducible polynomials.
A related construction of McNay [64] allows the degree n of the starter polynomial f 0 to be odd. On the other hand, if n = 2 and q ≡ 1 (mod 4), then the condition on f 0 in Theorem 3.1 is automatically satisfied whenever f 0 is an irreducible self-reciprocal quadratic. Moreover, the roots of the constructed polynomial are completely normal elements over F q . This was shown by Chapman [9] (extending work of Meyn [65] who established normality). The result is as follows.
Then f r is irreducible of degree 2 r and any zero is a completely normal element of F q 2 r over F q .
Chapman also gave a similar construction of completely normal elements valid for q ≡ 3 (mod 4). On the other hand, Kyuregyan [59] has given many alternative constructions to that of Theorem 3.1. To illustrate, we cite a single example, [59] , Corollary 10.
Then f r is irreducible of degree 2 r n.
For related results, see also Blake et al. [2] . To obtain infinite sequences of irreducible polynomials over F q (q not a power of 3) of degree 3 r n, r = 0, 1, 2, 3, . . . , Chu [11] uses iterations of the transformation f (x) → f (x 3 − 3x) starting from a suitable irreducible f 0 of degree n. In a comment on [11] , Scheerhorn [74] observes that more generally one may work with the transformation f (x) → f (D n (x, 1)), where D n (x, a) is the Dickson (Chebyshev) polynomial of the first kind, given by
Indeed, if deg f = n and f Q denotes the transformation given by
Hence the iterative construction here is related to the classical use of the transformation
On the other hand, there remains interest in such constructions because by replacing each member of a sequence of irreducible polynomials of the form D n r (x, a) − b, r = 1, 2, 3, . . . by its reciprocal polynomial, one obtains a sequence of completely normal polynomials over F q (see [73] ). Now suppose F q has even order. The fact that a sequence of irreducible polynomials of degree 2 r n, r = 0, 1, 2, 3, . . . , over the binary field F 2 can be constructed via the Q-transformation (see above) is associated with several names, including Varshamov (1984), Wiedemann (1988), Meyn (1990) , Gao (1992) , Menezes et al. (1993) . In particular, one may start with any irreducible polynomial f 0 (x) ∈ F 2 [x] of degree n for which the coefficients of x n−1 and x are both 1. Kyuregyan [58] derives a number of generalisations and in [60] considers constructions which yield sequences of (completely?) normal irreducible polynomials. We illustrate with a single result, [60] , Theorem 1 (cf. [58] , Theorem 3).
where Tr denote a trace over F 2 . For r 0, define
Then {f r , r = 0, 1, 2, 3, . . .} is a sequence of trace-compatible completely normal polynomials of degree 2 r n over F q .
Here trace-compatible means that the trace-relation maps the roots of a member of the sequence onto the roots of another.
Distribution of primitive polynomials
There are (q n − 1) primitive elements in F q n (corresponding to
, so these are reasonably plentiful. The reciprocal of a primitive element is primitive but primitivity is a delicate property: it does not mingle well with additive features such as arithmetic progressions. By contrast, the set of irreducible polynomials (more precisely, primary polynomials, i.e., powers of irreducible polynomials) is fundamental in the arithmetical structure of function fields and is the basis of much of the working described in Section 2. Nevertheless, results that, to a degree, parallel those described in Section 2 have been attained. Some are described here.
We begin with an outline of the general approach. To describe an extension of the criterion that is used to characterise primitive elements of F q n , for any divisor r of q n − 1 define ∈ F * q n to be r-free provided
scores 1 if is r-free, and otherwise is 0. Here the inner sum is over all ((d)) multiplicative characters d of F * q n of order d. In particular, the characteristic function for the set of primitive elements of F q n is obtained by setting r = q n − 1. In order to obtain results on the distribution of primitive polynomials, this is harnessed to other characteristic functions which, for example, constrain the coefficients of the minimal polynomial of . For instance, if the final (constant) coefficient is specified, the condition involves the multiplicative characters of F * q , whereas if the first (trace) coefficient is specified, the characteristic function involves the (canonical) additive character of F q .
Granted the above definition of r-free, let N (r) denote the number of r-free elements ∈ F q n subject to the appropriate constraints in question. In the expression for N (r), for each character d of order d > 1, one obtains an expression involving a character sum (such as a Gauss sum) which, typically, is bounded by cq n 2 for an appropriate c (c may depend on n and other quantities). From the form of ( ) this yields a lower bound for N(r) of the form
where M is associated with the number of constraints on the r-free element and W (r) = 2 (r) denotes the number of square-free divisors of r. In particular, setting r = q n − 1 yields that N (q n − 1) (the number of primitive elements satisfying the desired conditions) is positive whenever
Now although for large q and/or n the quantity W (q n − 1) is o(q n ), it can be challengingly significant over a range of "smaller" values. To reduce the number of error terms a simple "Brun-type" sieve can be employed. We quote a useful version of this. 
The result of applying of Lemma 4.1 is that is that, in place of (4.1), one achieves a more flexible criterion, namely
where s, = s − 1 + 2.
As noted above, the characteristic function for an irreducible polynomial f of degree n over F q to have prescribed first coefficient involves the trace of a root of f from F q n to F q . Higher coefficients a k , k > 1 can be expressed as ± k , the kth symmetric function of the roots of f, but it is not easy to work with k . On the other hand, according to Newton's identities, the set of functions s k , defined as the trace of k are related to the set of functions k . Indeed, the values of {s 1 , . . . , s k } are determined by those of { 1 , . . . , k } and, provided p = char F > k, vice versa. This is an unwelcome restriction: when p k, the values of {s 1 , . . . , s k } are insufficient to determine k , say. An important development has been the introduction of p-adic theory to overcome the inadequacy of the Newton identities when p k. After a preliminary paper by Han Wenbao [46] , a number of pioneering articles by Fan Shuqin and Han Wenbao [28] [29] [30] [31] [32] have been published in 2004. The method has also been progressed by Cohen [18, 19] .
Here are some of the principal themes of the p-adic approach. Let R r be the ring of integers in the splitting field of x q r − x over the p-adic field Q p : the roots of x q r − x form the set of Teichmüller points, r . Thus * r is cyclic of order q r − 1. In fact, there is a bijection between N and {s t,j ; p t, j 0}, via s t,j − → tp j . The key connection between the "s-components" s t,j and the j (associated with f itself) is most succinctly expressed in the following identity derived in [19] .
In order to obtain character sum expressions over a finite set (analogous to working over F q n ), it is necessary to replaces R n by a suitable Galois ring R n,e given (loosely) by R n (mod p e ) for an appropriate integer e. For example, for results specifying coefficients up to the kth, one could define e 1 by p e−1 k < p e . Here R n,e has cardinality q ne and characteristic p e . Replace ∈ F * q n by ∈ * n,e , which is also cyclic of order q n − 1, and take s t,j ∈ 1,1 F q , etc. Typically, character sums like (see [62] ) and the proofs proceed in parallel fashion (properly interpreted) to the classical situation. A summary of some of explicit results that have been obtained largely through the above means follow. These are arranged thematically, not chronologically.
It is appropriate to open with the question of the existence of a primitive polynomial with its first coefficient prescribed, solved by Cohen [13] . (See also [53] .) Since the original proof in part depended on older separate results, a recent self-contained version has now been given [27] . As an existence result, Theorem 4.4 is a complete: the question obviously has a negative answer when 2 n 4. It can be rephrased as asserting the existence of a primitive element ∈ F q n such that both and 1/ have trace 0 over F q . The question of the existence of a such a primitive element with the traces of and 1/ arbitrarily prescribed in F q (but not both zero) has also been answered in the affirmative when n 5 [16] . This question is unresolved when 2 n 4.
In a similar vein to Theorem 4.4, the following is implied by known existence results on primitive normal polynomials, specifically Theorem 5.4 below. For n 5 an asymptotic version (for sufficiently large q) occurs in [7] . Theorem 4.5. Suppose n 3. Then there exists a primitive polynomial of degree n over F q with first coefficient a 1 prescribed as a non-zero member of F q and last coefficient a n prescribed such that (−1) n a n is an arbitrary primitive element of F q .
The condition on a n in Theorem 4.5 is necessary. It is a complete result in terms of the range of degree n. It remains open as to whether the first coefficient can be prescribed as 0. It is a corollary that the last two coefficients of a primitive polynomial can be arbitrarily prescribed (provided the coefficient of x is non-zero).
We turn to the question of specifying the first k 2 coefficients. For k = 2 it has been settled for q odd and n 7 by Han [44] and for n = 5 or 6, by Cohen and Mills [25] . (Cohen and Mills [25] incorporates some necessary modifications to the arguments of [44] .) Theorem 4.6. Suppose q is odd and n 5. Then there exists a primitive polynomial of degree n over F q with its first two coefficients arbitrarily prescribed.
For quartics (n = 4), from [25] , it is known that the first two coefficients can be arbitrarily prescribed for sufficiently large (odd) q, provided the prescribed elements are not both zero. In the latter situation, nothing is apparently known. For even q, although the problem of prescribing the second coefficient alone has been settled for n 7 (and perhaps for n 4 when the first coefficient is non-zero) [46, 47] , it seems that no specific result has been published. These papers in effect rely on a 2-adic approach, expounded more systematically in later articles.
For k = 3, the picture is clearer. By combining the results of Fan and Han [28] (n 8) and [32] (n = 7, p = 2 or 3), and Mills [66] (n = 7, p > 3), a full result is obtained for n 7 except for a number of odd values of q 361 when p > 3 and n = 7. In particular, [28, 32] feature 2-adic and 3-adic arguments. Examples to clear the remaining cases (derived computationally) occur in [24] . (See also [71] .) Theorem 4.7. Suppose n 7. Then there exists a primitive polynomial of degree n over F q with the first three coefficients arbitrarily prescribed.
Of course, Theorem 4.7 implies that Theorem 4.6 extends to even q provided n 7. It should be routine to obtain a complete result for n = 5 and 6 also.
Next we survey general existence results for primitive polynomials of degree n whose first k coefficients are prescribed. By the nature of the methods used to date, inevitably it must be supposed that k < n 2 . Moreover, before the introduction of the p-adic method there had to be the restriction that p > k. Although the next theorems are not explicit, it is pertinent to outline known asymptotic behaviour. A result, applicable for sufficiently large q, had been announced by Han in 1996 [45] and there are further unpublished manuscripts by Han (a preliminary draft of [47] ) and (independently) by Carella (New York) [4] on this topic. A published version is provided by Ren [71] . In [71] , some explicit results when k = 3 or 4 (and p 5) are also given. For the p-adic method, to prescribe the first k coefficients requires the prescription of k s-components (see earlier). In this way Fan and Han [29] remove any restriction on characteristic. 
coefficients arbitrarily prescribed provided q > C(n).
In this context, the only fully explicit result is that of Cohen [18] who showed unconditionally that the first When q = 2 or 3, Theorem 4.10 implies that the last k coefficients of a primitive polynomial can similarly be prescribed. One can ask, more generally, whether there always exists a primitive polynomial whose first k and last m coefficients are arbitrarily (but suitably) prescribed whenever k + m < n 3 . A linked question to the above is that wherein solely the kth coefficient is prescribed for some k with 1 < k < n. Automatically, it can be answered affirmatively whenever there is an existence result specifying the first k coefficients. This investigation is driven by a conjecture that parallels Conjecture 2.4, see [48] . (Hansen- Mullen primitivity conjecture, 1992) . Given integers n, m with 1 k < n and a ∈ F q , there exists a monic primitive polynomial f (x) ∈ F q [x] of degree n with kth coefficient (i.e., that of x n−k ) a, with (genuine) exceptions when (q, n, k, a) = (q, 2, 1, 0), (4, 3, 1, 0), (4, 3, 2, 0) or (2, 4, 2, 1 ).
Conjecture 4.11
Of course, Theorem 4.6 yields the conjecture for k = 1. For k = 2, as discussed already, we state the following (drawn from [46, 47, 25] ). It ought to be possible to give a complete existence result in this situation. The principal outstanding requirement is a treatment of quartics. (Indeed, there is now a draft manuscript of Cohen and Prešern covering this case.) When k = 3, at the moment, there seems nothing to add to the implications of Theorem 4.7.
For the prescribed kth coefficient problem, Fan and Han [30] have derived an asymptotic existence result that (slightly) extends the consequences of Theorem 4.9 even when k n 2 . Moreover, by exploiting the reciprocal polynomial (as at Corollary 2.6) it extends to arbitrary k (with exceptions in some cases when k = 
Exploiting the fact that when p = 2 and n is odd then either k or n − k is odd (and so is equal to its non-2 part), Fan and Han [31] have now proved an explicit theorem when q is even and n is odd as follows. Theorem 4.14. Suppose that q is even and n 7 is odd. Then the Hansen-Mullen primitivity conjecture is valid for polynomials of degree n over F q .
Recently, Cohen [19] has established the conjecture for polynomials of degree at least 9 by a method that, in principle, extends to yield a complete validation. (Work is currently in progress to realise this goal.) Theorem 4.15. Suppose n 9 and q is an arbitrary prime power. Then the HansenMullen primitivity conjecture is true for polynomials of degree n over F q .
A key step in the proof of Theorem 4.15 is the recognition that a k can be specified through Proposition 4.2 by specifying k 2 + 1 s-components. Also incorporated are the sufficient criteria now described using the terminology of (4.2). 
Indeed, for n odd, it suffices that
The criteria of Proposition 4.16 are remarkably similar to that of Wan (for irreducibility) in Corollary 2.6. Indeed, by replacing r = q n − 1 by a suitable (Zsigmondy) prime factor, an alternative criterion (leading to an alternative proof of Theorem 2.7), namely, q n−4 > n 4 is obtained.
Although there is difficulty finding existence proofs for primitive polynomials with some fixed coefficients, the general belief is that there ought to exist primitive trinomials or other polynomials (such as pentanomials) with few terms. Particularly over F 2 these would be valuable in random number generation, coding theory and cryptography. Those of prime degree l, a Mersenne exponent (so that 2 l −1 is a Mersenne prime) are sought because large Mersenne primes are known and because irreducible polynomials over F 2 are automatically primitive. All primitive trinomials over F 2 of Mersenne exponent degree up to the 31st had been listed in [50] . For the 33rd Mersenne exponent (both pairs of) primitive trinomials are given in [55] . These include x 859433 + x 288477 + 1. Primitive pentanomials are also given in some cases when primitive trinomials do not exist. (To date 42 Mersenne primes are known.)
In 1983, Cohen [12] showed that, for any irreducible quadratic f (x) ∈ F q [x], there exists c ∈ F q such that f (x + c) is primitive. Mills and McNay [67] have investigated cubic irreducible polynomials for the same property and arrived at a similar conclusion with the possible exception of (up to) 429 fields F q with q 56611 and (q 3 − 1) 17 and an unknown finite number (probably none!) of fields F q with 18 (q 3 − 1) 24. They conjecture that, provided q ∈ {3, 7, 9, 13, 37}, given an irreducible cubic polynomial f (x) ∈ F q [x], there exists c ∈ F q such that f (x + c) is primitive. There is strong reason to expect that this conjecture could be established.
At this point it is pertinent to mention the Golomb conjectures, [36] . These relate to the existence, given non-zero , ∈ F q , of a primitive element ∈ F q such that + is also primitive. As originally formulated, these were already settled by 1993 (see [26] ) but the most general conjecture of this type ("Conjecture G" of [15] ), wherein , are arbitrary, remains outstanding in a finite number of cases. This might also be fully resolved at any time.
Finally, Fitzgerald [33] has given a new characterisation of primitive polynomials that he applies to determine the minimum weight of some binary BCH codes. 
. Then f is primitive if and only if g has exactly (q − 1)q n−1 − 1 non-zero terms.
Distribution of primitive normal polynomials
Obviously, it is useful to possess an element of F q n that is both primitive and normal, i.e., simultaneously a multiplicative and an additive generator. Hence, for any n 2, the existence of a primitive normal polynomial of degree n, sometimes with additional conditions (such as prescribed coefficients), has been investigated. A normal polynomial of degree n over F q necessarily has first coefficient a 1 non-zero and a primitive polynomial (with last coefficient a n ) is such that (−1) n a n is a primitive element of F q . In what follows, if the first or last coefficient is prescribed, it is assumed that these constraints apply.
The F q -order of ∈ F q n is the (monic) factor g (over F q ) of x n − 1 of minimal degree such that g ( ) = 0 (g is the polynomial obtained from g by replacing each x i with x q i ). Then, is normal if and only its F q -order is x n − 1. Further, if ∈ F q n has F q -order g, then = h (t) for some t ∈ F q n , where h = x n −1 g . Let R be a monic F q -factor of x n − 1. If = h (t) (where t ∈ F q n and h is an F q -factor of R) implies h = 1, we say that is R-free in F q n . Again, it matters not for R to be replaced by its square-free part. The concepts of being primitive and being normal are but weakly related. Nevertheless, for n = 2, a primitive element is automatically normal, and we can suppose n 3. More generally, for the basic existence question of a primitive normal polynomial of degree n over F q , it suffices to show that there exists a normal element that is Q(q, n)-free, where Q(q, n) is the square-free part of q n − 1 (q − 1) gcd(n, q − 1)
. But when there are additional conditions this type of simplification may not be available.
There is an additive analogue of Lemma 4.1 with q n − 1 and its (prime) factors replaced by x n − 1 and its (irreducible) factors over F q . Indeed, there is a combined multiplicative/additive version. For any integer r dividing q n − 1 and polynomial R dividing x n − 1, there is a lower bound for the number of elements of F q n that are both r-free (multiplicatively) and R-free (additively) in terms of similar expressions over divisors of the formal product rR (often with far fewer factors than rR itself). (See, for example, [17] .) Since the factorisation of x n − 1 is more regular and predictable than that of q n − 1, which depends on the idiosyncrasies of the prime numbers involved, in theoretical work it may be advantageous to concentrate on the additive sieve whenever applicable.
The first full proof that there is always a primitive normal polynomial of degree n over F q (not a conceptual necessity) was given by Lenstra and Schoof [61] . The argument of [61] is artful but significant computation was also involved. Also it makes no use of sieving. A recent proof of Cohen and Huczynska [22] renders the assistance of a computer unnecessary (although a basic calculator would be a handy aid). Its key strategy is to apply the additive sieve with p 1 , . . . , p s as the distinct irreducible factors of x n − 1 of maximal degree. Consequently, it is necessary systematically to bound the number of distinct irreducible factors of x n − 1 of non-maximal degree.
Cohen and Hachenberger [20, 21] give a complete answer to the existence question with arbitrary first or last coefficient. Theorem 5.3. Suppose q is a prime power. Then for arbitrary n, there exists a primitive normal polynomial of degree n over F q with arbitrarily prescribed last coefficient a n (subject to (−1) n a n being a primitive element of F q ).
Of course, Theorems 5.2 and 5.3 are trivial when n = 1. Further work of Cohen [17] (n 5), and Cohen and Huczynska [23] (n = 4), [52] (n = 3), yields a complete answer to the existence question for primitive normal polynomials with arbitrary first and last coefficients. Theorem 5.4. Suppose q is a prime power and n 3. Then there exists a primitive normal polynomial of degree n over F q with first coefficient a 1 and last coefficient a n arbitrarily prescribed (necessarily subject to a 1 = 0 and (−1) n a n being a primitive element of F q ).
Of course, for n 3, Theorem 5.4 subsumes Theorems 5.2 and 5.3. But, even in this situation, in some cases the problem treated in Theorem 5.4 is reduced to the (apparently) lesser problems treated in [20, 21] and thereby solved. Gauss sums are a tool in most of above papers. In particular, in [17] , key expressions involve a product of a Gauss sum over F q n with one over F q . Nevertheless, in [23, 52] deeper estimates of Katz [54] for Soto-Andrade sums are invoked: this greatly reduces the effort in dealing with quartics and makes a treatment of cubics possible. This last result is particularly striking: there exists a primitive normal cubic x 3 + a 1 x 2 + a 2 x + a 3 with a 1 and a 3 specified and only a 2 allowed to vary.
In [21] the demand that the polynomial be primitive is dropped and a (complete) theorem obtained for the existence of a normal polynomial with the last coefficient prescribed. In a sense, it balances Theorem 4.3. It does not follow from Theorem 5.3 in every case since the only restriction is that the prescribed last coefficient is non-zero.
Theorem 5.5. Suppose q is a prime power. Then there exists a normal polynomial over F q with arbitrary degree n and last coefficient arbitrarily prescribed (but non-zero).
Existence questions for primitive normal polynomials with further prescribed coefficients (including extensions of theorems discussed in Section 4) remain to be explored. Now, we describe some investigations of Hachenberger which are expressed more readily in terms of primitive normal elements than polynomials. There is scope for improvement in most of these theorems.
Suppose F q d is intermediate between F q and F q n , i.e., d is a divisor of n and set e = n d so that F q n is the extension of F q d of degree e. Let F denotes the set of triples (q, d, e) for which, for every a ∈ F q d normal over F q , there exists a primitive element in F q n , normal over F q , with F q d -trace equal to a. In this context, Theorem 5.2 implies (q, 1, e) ∈ F, for all e 2, and prime powers q. In [39, 41] , the possibility that (q, k, e) ∈ F for d, e 2 is considered. We list some of the conclusions. Theorem 5.6(3) leads to the existence of trace-compatible sequences of primitive F q -normal elements in towers of Galois fields over F, where each extension has degree equal to a power of r over its predecessor and r 5 is prime.
In [38, 41] Hachenberger obtains results which bear a similar relationship to Theorem 5.4 as Theorem 5.6 does to Theorem 5.2. Suppose that F q d and F q e are intermediate fields between F q and F q n . Let Q denotes the set of quadruples (q, d, e, n) such that for any a ∈ F q d normal over F q and any primitive element b ∈ F q e , there exists a primitive element in F q n , normal over F q , whose F q d trace is a and whose F q e norm is b. In a proposed extension of Theorem 5.1, Morgan and Mullen [68] have conjectured that F q n always contains a primitive element that is completely normal over F q . As pointed out in [40] , serious obstacles remain before this can be fully proved, but in the same article, the conjecture is established whenever F q n /F q is a regular extension (i.e., the order of q modulo r is prime to n for all prime divisors r of n, not the characteristic of F) and also (when q is odd and n even) q − 1 is divisible by 4. In fact, for given q, infinitely many values of n are covered by this theorem. As well as the use of character sums, an intricate module structure theory (as introduced in [37] ) underpins such results.
Finally, in [42] a simplification (and generalisation) is obtained of the classification of degrees for which normal polynomials over F q are characterised by being irreducible with non-zero first coefficient. There is an application to the situation of Theorem 5.6.
